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Q-CURVATURE FLOW ON §%

ANDREA MALCHIODI & MICHAEL STRUWE

Abstract

We study a natural counterpart of the Nirenberg problem,
namely to prescribe the Q-curvature of a conformal metric on the
standard S* as a given function f. Our approach uses a geometric
flow within the conformal class, which either leads to a solution
of our problem as, in particular, in the case when f = const,
or otherwise induces a blow-up of the metric near some point of
S4. Under suitable assumptions on f, also in the latter case the
asymptotic behavior of the flow gives rise to existence results via
Morse theory.

1. Introduction

Let M be a closed four-manifold (compact without boundary) with
metric g. If Ricy denotes the Ricci Tensor of (M, g) and R, the scalar
curvature, the Q-curvature ), of M is defined by the expression

1 :
(1) Qo = —15 (AgRy — Ry + 3[Ricy[*)

(The above definition is not universally adopted and in other texts may
differ by a factor 2.)

Similar to the Gauss curvature on a surface, the ()-curvature on a
four-manifold is related to a conformally invariant operator and its in-
tegral gives information on the topology of the manifold.

Indeed, if 3 is a closed surface with metric gy and Gauss curvature
Ky, given a conformal metric g = e?“gy on ¥, the Laplace-Beltrami
operator transforms according to the rule

where Ag = Ay,. Throughout, we use the analysts’ sign convention (so
that A is negative definite). The Gauss equation

(3) ~Agw + Ko = K,e**
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then relates the Gauss curvature K, of the metric g to the curvature Ky
of gy and implies the invariance of the total scalar curvature integral

/Kgd/‘g:/ngzwdﬂgo :/Kodﬂgo
by s s

under conformal changes of the metric; in fact, by the Gauss-Bonnet
formula

(1) [ Eodug = 27005,

the total scalar curvature is already determined by the topology of the
surface.

In complete analogy with (3), as shown by Branson-Orsted [6], in
four space dimensions the Q-curvature of a metric g = e*“gy is related
to the Q-curvature Qg of the background metric gg via the equation

() Pyyw +2Qo = 2Qge™,

where Py, is the Paneitz operator in the metric gg, introduced in [25].
For any given g the operator P, acts on a smooth function ¢ on M via

(6) Py(p) = Al — div <<§Rgg — 2Ricg> d(p) .

Similar to (2), the Paneitz operator is conformally invariant in the sense
that

(7) Py = 674wpgo

for any conformal metric ¢ = e*"gq. Finally, if we denote as W the
Weyl tensor of M, then, similar to (4) there holds

® [ (@t 5 dy = mtxany

see [4]. In particular, on a locally conformally flat manifold where W =
0 we obtain the exact analogue of (4).

As in the two-dimensional case of equation (3), in the context of
equation (5) it is natural to ask whether on a given 4-manifold (M, go)
there exists a conformal metric of constant QQ-curvature. On the other
hand, given a smooth function f on M, one may ask whether there
exists a conformal metric having f as its @Q-curvature. In the case of
(3) for conformal metrics on S?, this is the famous Nirenberg’s problem.

A partial affirmative answer to the first question is given by Chang-
Yang [12] under the condition ky = [, v Qoduo < 872 and assuming
that P, is a positive operator whose kernel only consists of the constant
functions. In view of a result of Gursky [19], the latter hypothesis is
satisfied whenever ky > 0 and provided (M, gg) is of positive Yamabe
type; see also [13], Theorem 3.1, and the Remarks following. The same
result was later rederived by Brendle [7] via a flow approach, again in the
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“subcritical” case when kg < 872, which by Gursky’s work [19] precisely
rules out the case when (M, gg) is conformal to the standard sphere. In
fact, | g1 Qgaadptg, = 872, and blow-up phenomena may occur. The
result of Chang-Yang has been extended recently by Djadli-Malchiodi
[17] to the case in which the kernel of P, only consists of the constant
functions and kg is not a positive integer multiple of 872. Again, the
last condition is used to rule out blow-up phenomena, see [23].

As for the analogue of Nirenberg’s problem on S4, since Qgs . =3, by
(5) this is equivalent to finding a solution u of the equation

(9) Py u+6=2f"

for a given function f on S*, where Py = Ags , — 244, The problem
is variational; solutions can be characterized as critical points of the
functional

(10) Ef(u) = ]é4 (ngS4u + 4Qg54u) dpig,, — 3log <]£4 fe4“d,ugs4)

on H?(S%), where {94 @dpg,, denotes the average of any function ¢
on S*. However, as is common in geometric problems, this functional
fails to satisfy standard compactness conditions like the Palais-Smale
condition.

Furthermore, the Chern-Gauss-Bonnet formula (8) and identities of
Kazdan-Warner [20] type impose obstructions to the existence of so-
lutions of (9). In fact, since the Weyl tensor vanishes for any metric
conformal to gg4, equation (8) takes the form

(1) L%%:w

and there cannot be a solution of (9) when f < 0. Moreover, upon
integrating by parts as in [12], p. 205, one obtains the identity

(12) /S (VQq, Vzi)ggy dpg =0, 1<i <5,

where (x;)i—1,. 5 are the restrictions of the coordinate functions of R?
to S, It follows that no function of the form f = ¢ o x;, where 1 is
monotone on [—1, 1], can be the @Q-curvature of a conformal metric g on
S%. Thus the study of (9) is rather delicate.

Recently, Wei-Xu, [31] (see also [8] and the references in these pa-
pers), by combining blow-up analysis and degree theory, proved the
following result.

Theorem 1.1. Suppose f : S* — R is positive with only non-
degenerate critical points with Morse indices ind (f,p) and such that
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Ay, f(p) # 0 at any such point p. In addition, assume that

(13) 3 (—1yd ) £ 1,

{p: VI(p)=0,44, f(p)<O0}
Then there exists a solution of (9).

The aim of this paper is to analyze equation (9) by means of the
Q@-curvature flow and to extend the results of Brendle [7] for this flow
to the critical case when (M, go) is conformal to the standard sphere.
Our approach will be similar to the treatment of the two-dimensional
Hamilton-Ricci flow in [29] and the flow approach to Nirenberg’s prob-
lem developed in [30]; in particular, we again shall see the fundamental
role that the Kazdan-Warner identity (12) plays in preventing blow-up
and in proving exponential convergence of the flow when f = const.;
see Theorem 4.1. On the other hand, for a prescribed curvature func-
tion f # const., we argue by contradiction, and show, thereby closely
following [30], that whenever (9) does not admit a solution then, as
t — oo, conformal metrics evolving under the Q-curvature flow concen-
trate in a nearly spherical shape around points p(t) € S, ¢t > 0, whose
motion follows a pseudo-gradient flow for f. A detailed analysis, more-
over, shows that the flow (p(t));~o converges to a critical point p of f
where Ay, f(p) < 0, which is the reason why only such critical points
contribute in Theorem 1.1. Theorem 1.1 then may be deduced from
Morse theory; in fact, Theorem 1.1 is a special case of the following re-
sult, which has counterparts in [27] and in [22] for the scalar curvature
problem on S™.

Theorem 1.2. Suppose f : S* — R is positive with only non-
degenerate critical points with Morse indices ind (f,p) and such that
Ay, f(p) # 0 at any such point p. Let

(14)  mi=#{p € S84 Vf(p) = 0,4, f(p) <0,ind (f,p) =4 —i}.

Then, if there is no solution with coefficients k; > 0 to the system of
equations

(15) mo=1+ko, m; =Fki—1+ ki, 1 <i<4, ky=0,
there exists a solution of (9).

Observe that in contrast to the usual applications of Morse theory
we will be dealing with a flow that increases (rather than decreases) the
value of f; therefore the index of a critical point p of f (counting the
number of negative eigenvalues of the Hessian) has to be substituted
by its complement i = 4 — ind (f,p) = ind (—f,p). Obviously, this
distinction is of no consequence for the statement of Theorem 1.1.

An analogous problem involving the scalar curvature in dimensions
greater than 2 is the Yamabe problem. In [28] and, finally, [9], [18],
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convergence of the Yamabe flow is established for arbitrary initial data
in dimensions 3, 4 and 5, thereby heavily relying on the positive mass
theorem of general relativity. It should be of considerable interest to
obtain analogous results for the ()-curvature flow in dimensions greater
than four, as well.

Acknowledgement. Most of this work was carried out when the first
author visited ETH in Ziirich. He is very grateful to this institution
for the kind hospitality. He has also been supported by M.U.R.S.T. un-
der the national project “Variational methods and nonlinear differential
equations”.

2. The flow

Let ggs be the standard metric on S*. Any conformal metric g can
be written as g = e*“ggs for some smooth function u on S*. Let f €

C>(S5*) be a given positive function. For gy = €?%0ggqs satisfying
8
(16) vol (84 g0) = [ dugy = [ iy, = 57,
g4 4 3

we define an evolution of conformal metrics g(t), ¢ > 0, whose Q-
curvatures approximate (a positive constant multiple of) the prescribed
curvature function f.

To define the flow, let g(t) be given by g(t) = e?*() g, where u solves
the equation

(17) ut:%:afo,
with initial data w(0) = ug. Here Q = @4 denotes the Q-curvature of
g = g(t), given by

1
(18) Q= 5674“(Pgs4u +6) on S

and « is chosen in such a way that

(19) a/q4fdu:/g4Qdu:8ﬂ2

for all t > 0, where dy = duy = e*dpg,,. Lemma 6.2 in [29] may easily
be adapted to this setting to show, together with the work of Brendle
[7], that the initial value problem (17), (19) has a unique, global, smooth
solution on S* as well; see Section 3.2 below.

In view of (19) we have

%(/94@) :4/S4utd,u:4/s4(af—Q)d,u=0,

and the initial normalization (16) implies the identity

(20) vol (S1,g) = / dp = §772
" 3



6 A. MALCHIODI & M. STRUWE

for all t > 0.
Moreover, the functional E is non-increasing along the flow defined

by (17), (19). Indeed, let

_ 3
U= ][34“03#934 = WL4udﬂgs4

denote the mean value of u, etc., and let
E(u) = ][34 (ngS4u + 4Qgs4u) d,ugs4

2 2
= ]{94(]Au\gs4 +2[Vulg , +12u)dpg,

so that
E¢(u) = E(u) — 3log <]£4 fe4“dugs4> .

Lemma 2.1. Let u be a smooth solution of (16)—(19). Then one has

d

By (w) = —4%94 af — QFdy <.

Proof. Using (17)-(19), we obtain

d
EEf(u) =2 ]£4 (Pgs4u + 2Q954)Ut d’ugs4 -1z %94 fur d,u/ ]é‘l o

= 4]{34(62 —af)u dp = —4][514 laf — Q% dp.
q.e.d.

Recall the following analogue of Onofri’s [24] inequality, due to Beck-
ner [2]. The present interpretation appears as formula (4.1”) in the work
of Chang-Yang [12], who also give an instructive new proof of Beckner’s
inequality.

Proposition 2.2. For any u € H*(S*) there holds

1
4u
log <]é4 e d;zgs4> < gE(u)

Thus, for a metric which satisfies (20), we have the uniform lower
bound

Ey(u) > —3log (H}ng f)

and Lemma 2.1 implies the estimate

(21) /0 /54 laf — Q|? dudt < %ﬂQ(Ef(uo) + 310g(r%%xf)) < o0.
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In particular, for a suitable sequence t; — oo with corresponding metrics
g1 = g(t;), we obtain

(22) [ Q= ot dny =0 1= o),

Therefore, if g; converges to a metric go, with @Q-curvature (), then
Qoo = Qo f. In particular, we encounter this situation when f = const.;
see Section 4.

On the other hand, if g; does not converge along any sequence t; —
00, we observe a concentration behavior similar to [30], whose precise
analysis in Section 5 will lead us to the proof of Theorem 1.2.

Notation. All norms we use are taken with respect to the stan-
dard spherical metric gga, unless otherwise specified. For brevity in the
following we let Ags = Ay ,, etc. The letter C represents a generic
constant which may vary from line to line (and also within the same
line), occasionally numbered for clarity.

3. Asymptotics

In this section we describe the asymptotic behavior of the solution
u(t) of (17) and the corresponding metric g(t) when t — oo.

3.1. Normalized flow. Similarly to [29], p. 260 f. for the case of S2,
given a smooth family of metrics t — g(t) = e**()ges there exists a
smooth family of conformal diffeomorphisms ¢ — ® = ®(¢): S* — S4,
normalized with respect to rotations of S, so that, letting h = ®*g, we
have

(23) / x duy, = 0 for all ¢.
S4

Here the points of S* are identified with their image in R® through the
standard immersion. We can write h as h = €2Yggs, where

1
(24) v=uod+ 1 log(det(d®)).
By conformal invariance there holds
(25) E(v) = E(u);

see for instance [31], Lemma 2.2. Moreover by (24) we have
(26)

vol (8%, h) = / edpgs = / etdpga =vol (§%,g)  for all t > 0.
S4 S4

Therefore, if u(t) solves (17), (19) with initial data satisfying (16), from
(20), Lemma 2.1, and Proposition 2.2 we deduce the uniform energy
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bounds
(27)
0< E(v) =E(u) = Ef(u)+3log (][ f d,u) < Ef(ug)+3log (I%%Xf)
S4

for u and v.

The bounds on v can be improved by using the following result of
Wei-Xu [31], Theorem 2.6, which extends a previous theorem of Aubin
[1] to higher dimensions. A similar result was obtained by Brendle [8],

Proposition 2.2; Brendle’s result, however, requires the a-priori bound
[8], Lemma 2.1, which is not available here.

Proposition 3.1. There ezists a constant a < 1/3 such that for every
v € H?(S*) with corresponding metric h = e*gga satisfying (23) there

holds
log <][ e4vdu54> < a][ vPgsv dugs + 4][ v dpga.
S4 S4 G4

Consequently, the normalized family (v(t));~0 is bounded in H?(S%).

Lemma 3.2. For a smooth solution u of (17), (19), (20) and the
corresponding normalized flow there holds

(28) sup [0(8) a(s) < C-
Moreover, for any o € R we have

(29) Sup/ e* dpgs < C(0).
t Jsa

The bounds in (28) and (29) depend only on E(v).

Proof. From Proposition 3.1 we obtain

(30) a][ vPgav djigs + 4][ vdpga > 0.
S4 S4

Hence we can estimate

(31)

1 1
7@ ][ (‘AS“)F + 2[Vv]%4) d/*LS‘l =l|l5—a ][ ’UP54’U d,u54
3 S4 3 g4

1
= ][ <§UPS4U + 4v> dugs — <a][ vPgiv dpga + 4][ v d,u54>
g4 S4 S4

1

Moreover, from Jensen’s inequality and (26) it follows that

4v = ][ 4v dpgs < log (][ et d,u54> =0,
S4 S4
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whereas from (30) we get

0< <a][ vPgavdpgs + 4][ vd,u54> =aB(v)+ (4 —12a)v.
54 54

Hence from (27) we conclude
(32) o] < C.

Finally, from (31), (32) and Poincaré’s inequality it follows that
[vllz2(s1) < llv =l p2(s1) + V][ 22(59) < ClI V|| L2(59) + C < C.
This implies (28). Finally, (29) is a consequence of Proposition 2.2,
applied to the function ov, and (28). q.e.d.

From (24) one finds
1
(33) vy =u o®+ Ze_4vdiv54 (€e*),

where £ = (d®) 142, We can bound ¢ in terms of u, as follows.

Differentiating (23) with respect to ¢ and using (33), we find

d
(34) 0:d—</ xduh>: / x v dup,
t \Jg4 G4

= 4/ xup o P duy +/ zdivgs(€e??) dpga
S4 S4

:4/ xuto@duh—/ & dup,.
sS4 G4

Let G = Mob™'(4) denote the finite-dimensional Lie group of oriented
conformal diffeomorphisms of S*. We identify an element ¢ € TjyG with
the vector field %@(t)h:o on S* where ®(t) = exp,;,(t£) is the family
of conformal diffeomorphisms generated by £&. We then define the map

X:TidGafH/ Edup, € RP.
S4

By reasoning as in [29], p. 260, one finds that for all conformal metrics
h which are uniformly equivalent to gg4, X has full rank. Moreover, X
is invertible with bounded inverse on the subspace generating normal-
ized conformal diffeomorphisms. In particular, from (34) we obtain the
uniform estimate

35) 3. <C / fup 0 B2 dyy, = C / af — QP du.
S4 S4

As explained in [29], p. 260, the constant C' in (35) is uniform for all
normalized metrics h satisfying (29) with uniform constants C' = C(0)
for o =2 . By Lemma 3.2 and (27) this, in particular, is the case for all
metrics h arising from smooth solutions u of (17), (19), (20) satisfying
a uniform bound FE¢(ug) < By for some 3y € R.
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3.2. Global existence. From Lemma 2.1 and (35) we obtain the fol-
lowing estimate, which is similar to [29], Lemma 6.2, or [30], Lemma
3.3.

Lemma 3.3. For any T > 0 and any smooth solution u of (16)—(19)
there holds

4 sup |u(t)|duge < sup / Ol dpgs < 0.
0<t<T JS4 0<t<T JS4

Proof. The argument is completely analogous to the proof of [30],
Lemma 3.3. q.e.d.

Combining Lemma 3.3 with (27), we obtain a locally uniform bound
in time for u(t) in H2(S*). Global existence of the flow then follows as
in the work of Brendle [7].

3.3. Curvature evolution. We now derive the evolution equations for

the Q-curvature and the L?-norm of the flow speed. From (17) and (18)
we obtain

aQ 1d , _,,
(36) Q= ar = Sdt (6 4 (Pgau + 2@54))
1 1
= —du@Q + §Put = —4Q(af — Q) + §P(Off -Q),
where P = P, = e~ %“Pga. Differentiating (19) in time, we find
(37) o [ fdu=1a [ Q- af)sin
S4 54

Hence (36) also yields
e 5 ([ e arka)
_ /S (2(Q —af)(Q: — auf) = 4Q — af))dp
-~ [ @-apP@-ann+s [ QQ-arfd
~4 [ (@-affau—it(ai/o)®
where
| @=anP@-and
— [ (85:(@=an)P +29(@  af)i) duss.

5‘4
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3.4. Curvature decay. In this subsection we prove that the decay in
(22) is indeed uniform as t — oc.

Lemma 3.4. For a smooth solution u of (16)—(19) there holds
/ Q —af|®*du— 0 as t — o0.
S4

Proof. Let v(t) be the normalized flow introduced in Section 3.1, and
let h = e?Ygga. Also denote as ® = ®(t) the Mobius transformations on
5% such that h = ®*g. Note that Q, = Q40 ®. We also let fo = f o ®.

By the geometric invariance of the Paneitz operator, from (38) we
derive
(39)

d
dt

= —/ (Qn — afe)Pr(Qn — afe) dup + 8/54 Qn(Qn — afe)*du,

S4

</S O — af¢]2duh> + 4r2(ay/a)?

—_ 4 _ 3d
/S4(Qh afe)’dun
= — /54 (|As1(Qn — afs)|® + 2|V(Qn — afs)|31) duge
o /54 fo(Qn — afe) dpn + 4/ (Qn — afo) dun.

S4
Given g9 > 0, by (22) there exist arbitrarily large numbers t( such that

(40) /4\Qh—04fq>!2duh=/4 1Q — afPdu <eo att=tg.
S S
Fix such a number ¢ty and choose ¢t1 > ty such that

(41) sup 1Qn — afe*duy < 2e0.
to<t<t; JS*

From (19) it follows that

3 -1 3
(42) maxgr f = =3 (][S ! d*‘) S gt f°

Hence for tg <t < t; we find

1Qnrllr2(sa.n) < Qn — afellr2(sany + all follL2(sap)

< Ve + VRS iy,
ming2 f
From (29) we deduce that
Pgiv + 6 = 2Qpe™

is bounded in LP(S*) for any p < 2. Standard elliptic theory then
yields that v(t) is bounded in W*P(S?2) for any p < 2 and hence also in
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L>(S*). Therefore we may improve the previous result and conclude
that, in fact, v(¢) is bounded in H*(S*). In particular, with a uniform
constant C' we have

(43) C_lgs4 S h S Cgs4,
and from the Sobolev’s embedding H'(S%) — L%(S%), we obtain
(44)
/34 |Qn — afol’dun < Cl|Qn — afall 25t |Qn — fallFa sy
< CHQh - O‘fq)”LQ(S‘l,h)||Qh - O‘f@”%{l(s%)
< ClQu = afellsi [ (9(Qn = afo)lis +1Qu = afalus
< CollQn — afall2(s4.n)

’ (/ V(Qn — Ozfq>)’%4 dpga —|—/ |Qn — afq>|2d,uh> .
S4 g4

If we now choose g9 > 0 so that 850C3 < 1, from (39) and (44) for
to <t <ty we conclude

d
) 5 ([ 1= asldn )
< (8amax f + 2)/ 1Qn — afel*dun < Cl/ |Qn — aufol*dpn,
S4 S4 S4

where C] = 2424 maxg2 f/ mings f. The same estimate, of course, also
holds in the original coordinates for the functions v and f instead of v
and fp. Integrating from ¢ to ¢, for any t € [to,t1]| we then obtain

(46)
_ 2 _ 2 - _ 2
[ 1@=affaus [ 0= afPduis, +C: /t /10 afPdud

By (21), the right hand side is smaller than 2g if ¢y is sufficiently large
and satisfies (40). Then (41) and hence also (46) will be valid for every
t > to. Finally, letting ty — oo suitably, we obtain

limsup/ 1Q — af|*du
S4

t—o0
o0
< lim inf (/ |Q — af|Pdp|i=s, + C1 / / 1Q — ozf|2d,udt) =0,
to—oo \J g4 to J54
proving the assertion. q.e.d.

3.5. Concentration-compactness. The next lemma, which can be
proved as in [7], Proposition 1.4, gives a first characterization of the
asymptotic behavior of sequences of functions (u;); whose @Q-curvatures,
given by equation (18), are bounded in L?(S4, g;).
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Lemma 3.5. Let (u;); be a sequence of smooth functions on S* with
associated metrics g = e?“gga, | € N. Suppose that vol (S*, g;) = %71'2
and [|Qg,|lr2(s1,4,) < C for some uniform constant C. Then, either a
subsequence (u;); is bounded in H*(S*), or for every sequence | — oo
we can find a subsequence (relabelled) and points p1,...,pr € S* such

that for every r > 0 and any i € {1,...,I} there holds

(47) lim inf/ Q| > 472,

=00 Br(pi
where p = pg,, Q1 = Qq,. In the latter case a subsequence (u;); either
converges in Hit (S*\ {p1,...,pr}) or w — —oc locally uniformly away
from pi,...,pr asl — —oo.

As in [30], Lemma 3.5, the previous result may be sharpened con-
siderably if we assume L2-convergence of the Q-curvatures associated
with (u;); to some smooth limit function Qo > 0. By Lemma 3.4, this
assumption is satisfied by any sequence (u(t;));, where u(t) solves (17),
(19) and where t; — oo as [ — oo.

Lemma 3.6. Let (u;) be as in Lemma 3.5. In addition, suppose that
we have [|Qq, — Qoll12(51,4) — 0 as I — oo for some smooth positive
function Qoo on S*. Also let by = ®rg = e?Ulgea be the associated
sequence of normalized metrics as in Section 3.1. Then, up to selection
of a subsequence, either

Zuce goy has Q-curvature Qoo,

i) w — us in HYSY), where goo = €
or

ii) there evists p € S* such that
8 o
- asl — oo
(18) dug = 575, as|

weakly in the sense of measures, and
hy — gga in HY(SY), Qpn, — 3 in L*(S*).

In the latter case, ®; converges weakly in H?(S*) to the constant map
b =p.

Proof. We can apply Lemma 3.5. If (1;); is bounded in H*(S%), the
metrics g; are uniformly equivalent to the standard one and Q; — Qs
in L?(S%). From elliptic regularity results and (18), we get convergence
U] — Uso, §1 — Joo in HA(S%).

If, on the other hand, concentration occurs in the sense of Lemma 3.5,
we now show that this leads to the behavior described in 7). Choose
p; € S* and 7, > 0 such that

(49) sup / |Quldp = / |Quldpy = 27°.
Brl (p) BT‘l (pl)

peS4
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By (47) we have r; — 0; in addition, we may assume that p; — p as
[ — oc.

Let ®;: S* — $% be conformal diffeomorphisms mapping the upper
hemisphere St = {z5 > 0} into B,,(p;) and taking the equatorial sphere
8Si to 0By, (p). Consider the sequence of functions 4 : 5% — R defined
by

-1 -
(50) ;= u; o P + 1 log(det(d®;)).
Then these functions solve the equation
Pgaily + 2Qgs = 2Qie™™,

where Ql =Qo P,

By the last statement of Lemma 3.5 and our choice of p;, 7, and (49),
we find that @ — @i in Hjt (S*\ {S}), where S is the south pole of
S, In addition, there holds Q; — Quo(p) almost everywhere as | — co.
Using now the map

U(z) = (22,1 —|2|*), z€R

1+ [z
and defining
1
i =1u oW+ 1 log(det(d¥)),

we obtain a sequence 4; : R* — R converging in Hj! (R%) to a function
Ul Which solves the equation

(51) Pgatico = A2ulioe = 2Qeo(p)e’™  in R
Moreover, by Fatou’s lemma, ., satisfies
R X 8
(52) / el dz < lim inf/ et dy = 72
R4 l—oo  Jp4 3

The solutions of (51)-(52) have been classified in [21] and only the
following two possibilities may occur. Either 4 is of the form

2\ 1 1
53 oo = log —————— — ~ 1 ~Qoo
539 = los e~ plox (0w (0))
for some A > 0,x9 € R*, or for some a > 0 there holds
(54) —Apaloo () — a as |z| — oo.

By the maximum principle for —Ags and (51), in the latter case we
even have —Apgatio () > a everywhere on R, Following the method in
[26], we rule out (54).

In fact, assuming (54), for any fixed number L and sufficiently large
I we have

(55) / (—Agaiy) da > Bl
Br(0;R%) 8
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where ws is the 3-dimensional volume of the standard S2. Scaling back
to S* (recall that the dilation factor is 7;), with a uniform constant
Cp > 0 we obtain

(56) / (—Agaw) dpgs > Coar?L?,
BL'rl (pl)

provided | > lo(L).
On the other hand, the function (—Agau;) satisfies the equation

(57) —AS4(—AS4UZ) + 2(—As4ul) =2 (Qle4ul — QS“) on 54.

If we denote as G(+,-) the Green’s function of the operator (—Ags + 2)
on S%, by the maximum principle we have

(~Agiu)(@) <2 [ Gl Q) 1)dus: ()
for almost every x € S*. Since G has the asymptotic growth

(58) Gl y) ~

NQ—%W for\x—y\—>0,

by Fubini’s theorem for any p € S* and any r > 0 we find

/ (—Agsur) () dpsa (2)
B (p)

1
2 —y?

<c ( Qi(y)e™ (y) dus4(y)> s ()
By (p) 54

1
<c [ Quenw | [ i) ) dusi
G4 B (y) ’9«" -y
< Or?||Qe™ || pr (st g0y = Cr2I|Qull i (st.01)
< Cr?(|Qullz2(s1,4)-

In view of the uniform upper bound on [|Qil[z2(ss 4,y implied by our
hypotheses, upon applying the last inequality with p = p; and r = Lr;
we then obtain the estimate

/ (—Agauy)dpugs < CyriL?
Brr, (1)

with a uniform constant C, which contradicts (56) when L is sufficiently
large.

Hence (53) holds and 1, arises from the stereographic projection of
5S4 onto R*, with

(59) Qoo (p)e*™= dppa = 87°.
R4

Recalling our assumption that

HQl - QOOHLQ(S47gl) - 07
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then with error o(1) — 0 as [ — oo for any 7 > 0 in view of (11) we find

s = [ Qupet™dz< [ Quodptol1) < /5 Qe dpr+ (1)

Br(p)

S/ (Ql+Ql—Qool)dul+o(1)s/ Qi duy + o(1)
S4 G4

= 81% + o(1).

It follows that p is the only concentration point of the sequence (g;);
and that

8
(60) duy — §7T25p, Qoo(p)dpy — 87%5, asl— oo,

proving the assertion (48).

In addition, it follows that ®; converges almost everywhere to the
constant map ®,, = p. Since ®; is a conformal diffeomorphism, we
have

/S4 (’ASMI)[’Z + 2‘V@l’§4) dugs =C

for all I € N and some constant C'. Indeed, ®; may be written as the
composition Wod;om of the stereographic projection 7 from some point,
which we may take to be the north pole of the sphere, a dilation J; in
R* and the map ¥ = 7! introduced earlier. The previous bound then
follows from writing

/34 (|Ags®|* + 2|V 54 ®i[?) dpugs = /54 P Pg1 ®rdpuga

:/ |AR4(‘11051)]2dx:/ |Apa ¥ 2dz < o0,
R4 R4

using conformal and dilation invariance.
Hence a subsequence of (®;); converges weakly in H2(S*) to @, = p.
By (60), as | — oo we also have

Qoo © P1 — Qoo (Pl £2(54,1)) = Qo0 — Qoo(P) || £2(5%,4,) — 0,

and, consequently,

1Qn, — Qoo (D)l 22(5%,1y) = 1Qh; — Qoo © Pyl L2(54,p,) + 0(1)
= [|Qi — Qoollp2(s1,4) + 0(1) — 0,

where o(1) — 0 as | — co. Hence we can apply our previous reasoning
to the sequence v; and the corresponding metrics h;. Since v; satisfies
the condition (23), concentration in the sense of (60) is impossible.
Therefore a subsequence v; — Voo, hj — hoo in H*(S*) as | — 0o, where
heo = €*V>*ggs has Q-curvature Qoo (p) = 3. Finally, since all metrics h;
satisfy (23), this is true also for h,, which then must coincide with gga.
The proof is complete. q.e.d.
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From Lemmas 3.4 and 3.6 we can get a neat characterization of the
asymptotic behavior of the flow (u(t)) in the case of divergence. For

t >0 let
S:S(t):][ xd,u:][ O dpuy,
S4 S4

be the center of mass of the metric g(¢). For h near ggs the point S
approximately is given by

p=p(t)= | ®dns.
S4
For convenience, we extend f as f(p) = f(p/|p|) for p € B1(0;R?),
pl > 1/2.

Lemma 3.7. Suppose the equation Q4 = f has no solution in the
conformal class of gga. Suppose u(t) solves (16)—(19), and let v(t) be
the corresponding normalized flow. Then, as t — oo, one has v(t) — 0,
h(t) = €W ges — gga in H*(S*) and uniformly, and Qu) — Qs+ =3
in L?(S%).  Furthermore, ||®(t) — p(t)llr2(s1y — 0, and consequently
I 0 @) = F(p(6))2(s0) — 0. a(t)Fp(1)) — 3.

Proof. Assuming the contrary, for a suitable sequence t; — oo we
have

lin inf (| (t) — gl s 50y + 19(20) = (8] 2(51)) > 0.

By Lemmas 3.4 and 3.6, there exists a subsequence t; — oo such that
u(t)) = oo, g1 = 2" W gga — goo = e*gga in H*, and a(t;) — a. By
Lemma 3.4 then the metric a%goo has Q-curvature f, contradicting our

assumption on f. This proves the first assertions. Finally, by (19) and
Holder’s inequality we have

(61) 3—af(p):a][szl(fod)—f(p))duhﬂO as t — oo,

which concludes the proof. q.e.d.
Now define
0 B = [ Jaf-QPdu= [ lafs - Qi du
54 S4
and

(63)  Ga(t) =/S4(Q—af)P(Q—af) dp
= /.. (Qn — afe)Pr(Qn — afe) dun

[ (8@ =anP +29(@ - ) dus
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= /54 (|Aga(Qn — afe)l? +2/V(Qy — af¢)\?g4) dpgs.

Lemma 3.8. Suppose that either f = const. or the equation Q4 = f
has no solution in the conformal class of gga. Then with error o(1) — 0
as t — oo we have

d
EFQ =—(140(1)G2 + (244 0(1))F> ast — oc.
Proof. From (39), (44), and Lemma 3.4 we deduce
d

P2 < —Gasa [ faafs ~ QuPdun+o(1)(Ga + B2
S4
= ~(1+0(1))Ga + (8a+ o) f (1)

w0 [ (fo = F0)(efo = Qu din.

This finishes the proof when f = const. Otherwise, by Lemma 3.7 we
have af(p) — 3. Moreover, from the Sobolev’s embedding H! — L*
and Lemma 3.7, we deduce

o [ (fa = F@)fo = Q) dus| < Clfs = 10}zl ~ Qs

< o()|lafo — Qnll7n < o(1)(F2 + Ga),

which proves the assertion. q.e.d.

4. The case f = const

We first turn our attention to the analogue of the uniformization
problem, that is, the case when f = const. With no loss of generality we
may assume that f = Qga = 3. The condition (19) then implies that
a =1 for all £ > 0. Moreover, Lemmas 3.4 and 3.6 imply convergence
of the normalized metrics

(64) h(t) — gga in H*(S*) as t — oo.

Indeed, for any sequence t; — oo either we have divergence of (¢(t;)) and
hence h(t;) — ggs in H*, or g(t;) — goo in H*, where go, has constant
Q-curvature and again h(t;) — gg4 in H* as | — oco. Our aim is to
prove the following result.

Theorem 4.1. Suppose that go = e*“0gqa satisfies (16), and let f =
3. Then the flow (17), (19) converges exponentially fast to a metric
Goo = €24 ggs of constant Q-curvature Qoo = Qga = 3 in the sense that
|w(t) — oo || 2 < Ce™® for some constants C and & > 0.
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4.1. Spectral decomposition. Let (¢Y);en, be a basis of eigenfunc-
tions, orthonormal in L?(S%, g), for A = A, with eigenvalues \j = 0 <
A < \§ < ..., solving the equation

—Ap? =Ny, i e Ny.

(2

Similarly, we define ¢, ¢; = @554 with corresponding eigenvalues !
and \; = )\fs4,i € Np. It is well-known that

)\0:0<)\1:)\2:)\3:)\4:)\5:4<)\6:10§...;

see for instance [3], Proposition C.I.1. Clearly there holds A = A" and
(64) implies A\ — )\; as t — oo. The eigenfunctions can be chosen in
such a way that Lp? = ¢l o® and <pzh — (p; smoothly as t — oo, for all
i € Ny. Moreover, if we let AY, A?, A = Afs4 denote the eigenvalues of
Py, etc., by the results in [16] one has

(65) A = (\9)? + 209,

In terms of Y, go? the functions a.f —Q, afe —Qp may be decomposed
as

af —Q=> B!, afe—Qun=> 7l

i>0 i>0

respectively, with
gt = / (af = Q)] dug = / (ofo — Qn)e} dpn ="
S4 S4

By the normalization (19) it follows that 3° = 0. In particular, with
error o(1) — 0 as t — oo one finds

(66) Go = A{[B> =AY |7 = (A1 +o(1)F2 = (24 + (1)) F.

i>0 i>0
Let z = (z!,...,2°) denote the coordinate functions in R® restricted
to S4. Then we may choose ¢; = %xi for i =1,...,5. Define also
(67) bZ :/ J"i(af@_Qh) duh» t=1,...,5.
S4
By (64), up to the factor ’/81% and up to an error of order o(1)||af —

Qllz2(s1,9), the vectors b = (bt,...,b%) and B = (B,..., %) coincide.
Also let B = \/81%6.
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4.2. Decay of B. For f = Qg1 = 3, we can estimate b',...,b° via the
Kazdan-Warner identity. Indeed, using (12) together with the relation

(68) —Agiz’ = 4a',
and observing that « = 1, for i = 1,...,5 upon integrating by parts we
find that

b = / (Qn — Qga)x" dpy = / (Qn — Qs1)(Va', Vu)ga dpup.
54 g1

From (64) then it follows that with error o(1) — 0 as t — oo

(69) b = ‘ /S (Qn = Qsa){Va', V) g dun
< CRM o) = o) B0,

Proof of Theorem 4.1. We divide the proof into three steps. We show
first the decay of F5, then the decay of v, and finally we control the
Mobius maps ®(t).

i) In view of (69) we can improve (66) to obtain
(70) Ga > Ag + 0 Z |ﬂl|2 Aﬁ + 0( ))F
>0
Taking advantage of the “spectral gap” between Ay and Ag, from Lemma

3.8 for sufficiently large ¢t we then infer the estimate

SE0) < ~0F(0)

for some uniform constant § > 0, and it follows that
(71) Fy(t) < Ceo

for all ¢ > 0 with some constant C.

ii) We can now show exponential decay of v. Observing that

[ (e =dusi = [ din— [ dusi =0
S4 S4 S4

and recalling the normalization condition

/ xdppy, = / (e" — Dadugs = 0,
S4 S4

we have an expansion
o
qv 1= E :VZSOz
1=0

in terms of the basis functions ¢;, where V0 = ... = V5 =0.
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Also let v = 2% viyp;. Note that for every i on account of Lemma
3.7, and by using Sobolev’s embedding H?(S%) — LP(S*) for every
p < oo together with the estimate (29) from Lemma 3.2, we obtain

s — 4 / vy duge = / (" = Vi dpuss + O(o]f3)
S S

=V'+o()]vllg2,

where o(1) — 0 as t — oco. In particular, we have

5
(72) D' < o()[vlfFe-
1=0

Writing (18) as

Pgiv = 2(Qn — Qsa)e™ +2Qga(e™ — 1),
from Young’s inequality and the uniform boundedness of v on one hand,

and by using Sobolev’s embedding together with (29) on the other, for
any € > (0 we obtain

/ |Paav|2 dpgs < C(e)Fs + 36(1 + s)/ (e — 1) dugs
S4 S4

< O()e " +242(1 1 ¢) / of? dpugs + o(1)l[o] e,
S4

where o(1) — 0 as t — co. In terms of the coefficients v¢, this implies
that

SN < Cle)e ™ + (AT(L+e) +o(1) Y [0
i=0 i=0
Hence, if we choose € > 0 so that

A2(1+4¢) < A2

and take (72) into account, we find

o0
()74 < (14 AD)[o'* < Ce + o(1)[[o(t)[|
i=0
where o(1) — 0 as t — co. Hence
(73) lo(®)[Fa < Ce™,
as claimed.
iii) In view of (71) and (35) we have
1d®(6) ™' @4(1) 17,0 < ClIE@) 7 < CF(t) < Ce™
for all t > 0. Thus, we have smooth exponential convergence ®(t) — P
as t — oo. By (73) therefore, also g(t) = (®(t)"1)*h(t) — goo =
(®3})*go and hence u(t) — us, exponentially fast in H* as t — oo,
where Qoo = Qg1. q.e.d.
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5. Prescribed )-curvature

We now focus on the analogue of Nirenberg’s problem. Throughout
this section we assume that the given function f cannot be realized as
the Q-curvature of a conformal metric and hence the flow u(t) does not
converge in H*(S%) as t — oco. Lemma 3.7 then is applicable and it
follows that g(t) concentrates near points p(t) of S*. As in [30], their
motion and the evolution of the concentration scale can be studied by
means of the spectral decomposition introduced in Section 4.1.

5.1. Dominance of B. We first observe that when the flow (u(t))
fails to converge, then the coefficients B(t) dominate the other Fourier
coefficients, and the flow shadows the solution of an ODE in a five-
dimensional space.

Lemma 5.1. Fori=1,...,5 with error o(1) — 0 as t — oo there
holds

dB"
dt

= o(1)Fy(t)"/2.

Proof. The proof is analogous to the proof of Lemma 4.1 in [30] and
is included here only for completeness. We may argue for b instead of
B.

From the equations (18) and (68) we deduce the identity
. 1 , .
/ ' Qpdup, = —/ ' (Pgav 4 6) dpugs = 12/ rvdpga.
g4 2 Jgu g4
It follows that
db*  d

A dt Je a'(afs — Qn) dun,
:/ zt (d(afq)) + dv(afe — 36_4”)> dup,
G4

dt
o [ afadimta [ gt = @) du

+ 4/ v (af(p) — 3e ™) dpy, = I+ 11+ I11.
S4
By (23), (37), and Lemma 3.7 the term
I=ai [ ' fudin = o [ a(fa— F0) di
S4 S4

is bounded by

1] < Cllfa — fD) 2B/ = o(1) By,
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Similarly, upon invoking (33) to write

11=a [ &€+ (o = ) dun
= o [ a0 ®(fo— 1) d
+a [ o divsi (€t (o = £2) dus:
~da [ a0 ®(a— f)du o [ (s = 10)dn.

in view of Lemma 3.7 and (35) we obtain the estimate

1T) < Cl fo — £l g2 (lue 0 B2 + [1€]112)
< Cllfs =t 2 F"* = o(1)F32.

Finally, again using (33), we have
11T = 4/54 v (af (p) — 3e ) dpuy,
= 4/34 ziug o ®(af(p) — 3¢~ 1) dpy,
+ [ arm) =3¢ divgs (66 dis
= 4/54 zlug o ®(af (p) — 3e™4) duy, — /S4(af(p) —3e )¢ duy,

- 12/ zidv - € dpga.
54
By Lemma 3.7 and (35) also this term then may be bounded by
[ITT] < C(|[1 = el g2 + |af (p) = 3)([lue 0 @[22 + [[€]|2)
+ Cllelln ]z < o) F"™.

This concludes the proof. q.e.d.
From Lemma 5.1 we now obtain the analogue of Lemma 4.2 in [30].
Lemma 5.2. In the above notation for sufficiently large t there holds

Fy < (1+40(1))| B

with error o(1) — 0 as t — oo.

Proof. Again we include the proof for completeness. Denote as By =
> i6l8'[?, so that, with error o(1) — 0 as t — oo,

F =B+ Fy = |B* + 5 + o(1) F.
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Assuming that 2|B|? < F, for sufficiently large ¢, similar to equation
(70) we obtain

N 1
Go > A6Fy > §A6F2 = 60F%

and from Lemma 3.8 we deduce

d
EFQ S —(36 + 0(1))F2 S —F2
for t large. As in the proof of Theorem 4.1 it then follows that the flow
(g(t)) converges exponentially fast to a metric of Q-curvature propor-
tional to f, contradicting our hypothesis in this section.

Hence there exist arbitrarily large numbers ¢; > 0 so that 2|B(t1)|? >

Fy(t). Writing

Fy = (1+34)|B]%,
we have 6(t) > o(1) and hence §(t) > —1/2 for all t > ¢; and sufficiently
large tp > 0. In addition for sufficiently large ¢; as above we have

d(t1) < 4 and hence, by continuity, also §(t) < 4 for all ¢ sufficiently
close to t;. From Lemma 3.8 with error o(1) — 0 as t — oo we obtain

ds dB

(74) EyB| +2(1+6)B-%
d .
=—F< - A — 24 )62
2 s i§>0( +0(1))[5']

< —QGFQ + 0(1)F2 = — (% + 0(1)) Fy,

where we again used the fact that A; > Ag = 120 for ¢ > 6. Since
Lemma 5.1 implies
dB

< o(1)F.
a | = oW,

‘B
for ¢ near t1 as above it follows that

SR < = ({55 + o)) B2 = (005 + o) P

and then
d_é
dt

In particular, for sufficiently large ¢; we obtain that d(¢t) < 4 for all
t > t1. The previous inequality then shows that 6(¢) — 0 as t — oo, as
claimed. q.e.d.

< —(966 + o(1)).
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5.2. Scaled stereographic coordinates. As in [30], for the follow-
ing detailed estimates it is convenient to introduce stereographic coor-
dinates. Let m: S*\ {(0,0,0,0,—1)} — R* denote the stereographic
projection from the south pole, given by

(2", 2%, 2%, 2)

T+ 25 cx=(zt,... 2% e St

(75) n(z) =

Also denote its inverse as ¥: R* — §4, with

1
Y = —
(&) =17 22

(22%,...,224 1 — 2?), 2= (24,...,2%) e RL

For g € R* and r > 0 define the conformal map U, R* — g4
Vyr=Vody,,

obtained by the composition of ¥ with the affine linear map

(5q,T:R492r—>zq7r:q+rz€]R4.

There holds

ov ov
a—qf :81.::62-,7;:1,...,4,
q q=0,r=1 =
and
4
ov .
Oar(2) =3 dei(z), 2 € RS,
or q=0,r=1 i=1
where the vector field e; = % is given by
(76)
1
e1(z) = W@(l — 2122 + |2)?), —42t2?, —421 23, —4212t —42Y)

= (1+2° —|2' ), —2'2?, —2t2?, —2l2? —2' (1 + 29)),

and with similar formulae for es, e3, e4. In particular, we have
4
(77) E 2ei(2) = (xta®, 2225 2320, 2te®, |2° )2 — 1).
i=1

For tg > 0 and t > 0 close to tg, let
By, (1) = @(to) T R(2).
Define ¢ = ¢(t),r = r(t) so that
Qi () 00 = Wy(t), (1)
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_dPy,

T =, then has the follow-

The vector field & = (d®(tg)) ' 42 it | to
ing representation

&=

d ov dq 8\11 dr
— (0¥ - 2 —
2t (@000 Dlimiy = ji: o¢ dt |~ or di

—Z( ¢ d”“>ei,

where the derivatives of ¥, , are evaluated at ¢ = 0, r = 1. Letting

X:/ Edpgs = (XY,..., XP) e R,
514

and using cancellations by oddness, from (76), (77) we obtain
- dg’ 4 32n%dg'

78 Xi=— [ Q—|a"P)dugi = = ——,i=1,...,4

(78) £ [ 0=y s = B =14

moreover, we have

3272 dr
15 dt’

dr

79 X5 =
(79) i

[ (=P s =

5.3. The shadow flow. Recall that by Lemma 3.7 the center of mass
S(t) of g(t) is given approximately by

p=plt) = [ 90)duge.

Similar to [30], Section 4.2, we now relate B (or b) to the gradient of
f at p=p/|p|. For this we need the analogues of [30], Lemmas 4.3 - 4.8.
Since the proofs can be carried over with straightforward modifications,
we may be brief.

Given ty > 0, consider a rotation which maps p(tp) into the north
pole N = (0,0,0,0,1). Then ®(ty): S* — S* can be expressed as
O(tg) = ¥, o for some € = £(ty) > 0, where V. (z) = ¥(ez) = Vg (2)
in our previous notation. Therefore, in stereographic coordinates, ®(t)
is given by the map

P(t) oW = P(ty) o Py (t) o ¥ = W, 06,,.

For the following lemma also recall that we extend f as f(p) = f(p/|p|)
for p € S* with |p| > 1/2. Moreover, for fixed t = t; we write ® = ®(t)
for brevity, with ® = ¥_ o 7.

Lemma 5.3. For some uniform constant C' there holds

I fo — f@2 + IV fallpas < Ce.
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Proof. For 1 < s < 2 we have

s s 16 dz
oot = 99 T
dz
<C | VY |50
B /R‘l‘ AP
eidz
<C
T e (TP [P

<c e[ 2
By . 0) (14 2[%) RN\B, . (0) 12|
< Ce® 4 Ce*=5 < Ce®.

Choosing s = 4/3 and observing that p is the average of ®, by the
Poincaré-Sobolev inequality then we have

@ = plle OVl as < Ce.
The claim now follows from the inequalities
[fo = f() < [V FllL~]® = pl
and
Vol <[VfllLe=|VO|.
q.e.d.

Lemma 5.4. For some fized constant C there holds

ol s < OB + 1l fo — f() ]l 2).

Proof. Expanding
oo
v= Z v'p;
=0

as in the proof of Theorem 4.1, from (72) with error o(1) — 0 as t — oo
we have

(80) 0] < o(V)l|v]| 2,7 = 0,....., 5.
We may write equation (18) in the form

P5'41} = QQh64U —6
= 2((Qn — afe) + alfo — f(p)) + (af(p) = 3))e™ +6(e* — 1),
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From (61), and Young’s inequality, then for any § > 0 with a constant
C(9) similar to the proof of Theorem 4.1 we find

(81)
> AR = | Psavla
i=1

< C(8)(llafo — Qullfz + [l fe — F(p)I72) + 36(1+8)[[e™ — 17

o0

= CO)lofo — Qull7z + I fo = F(P)72) + (AT +6) +0(1)) Y (vF)*.

=0
In view of (80), for small enough é > 0 the last term on the right of
(81) may be absorbed on the left, and the claim follows. q.e.d.

We can now relate the components of b to the gradient and the Lapla-
cian of the function log f.

Lemma 5.5. With error O(e) < Ce and O(1) < C as t — oo there

holds
) 1
v = (P58 g 0] =1

ox'
b’ = —4r’e*(Agalog f(p) + O() |V f(p)|* + O(e)).

Proof. With identical reasoning as in the proof of [30], Lemma 4.5,
from the equation —Agsz® = 42’ and the Kazdan-Warner identity (12)
we eventually obtain

4 : 4 9 4
¥ =a [ @ (fa = 10) duss+ R = Cracg L) + B

fori=1,...,4, with
16|z2dz 4 ,
C = _— = —
= /. T+Py 3"
and with error terms bounded by
|Ri| + Ry < C® + C([[vllfa + llafo = Qullz + | fo — FD)II72)
< Ce® + CF+C| fo — f(p)l}» < Ce* + C|b

in view of Lemmas 5.2 - 5.4. Moreover, by Lemma 3.7 we have o f(p) —
3 ast— oo.
Similarly, for ¢ = 5, we obtain the expression

¥ =a [ 2= Fo) duss + i = ~Coo*Asi 0) + F

with

8(1 — 21?22 d 4
02:_/ (- lePlelds 4,
re  (1+]z2]%) 3
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and with error
(82) |RY| + [R3| < Ce® + CIb* + C| fo — £(0)|72-

As was the case in [30], again Lemma 5.3 needs to be improved in order
to arrive at the desired conclusion. By using the expansion

(83)  F(W.(2) - f(p)
= df(p) - AV (0)z + VA (p) (@0 (0)z, dV-(0)2) + R (2)
= 2edf (p)z + 2e2Vdf (p)(z, z) + O(e3|2]?)

of f oW, — f(p) to second order, however, as in [30] we find

(84) lfe — f(P)7: = /B 1/5(0)‘]0(\1]2(2)) F Gy + 060
2 2 |Z’2dz 4
< CE*V f(p)| /Bl/s(o) T11Pr + Ce*|loge|

< CE2|VF(p)|? + Ce*llogel.

From the above expressions for the components of b in particular we
obtain the estimate

(85) b]? < C2V f(p)]” + O (L +[Af (D)),
which allows to bound the error terms
Ry =0(%),1<i<4,
and
R3 = OV f(p)*) + O(%),
respectively, as desired. q.e.d.
Observe that Lemma 5.2 and (85) yield the bound
(86) Fy < CE|Vf(p) 2 + O(Y).

Lemma 5.6. Ast — oo there holds

872 (dqt dg*  dr 9 9 3
15 (E"'wgv_%) Ce? |V f(p)|" + O(e).

Proof. As in [30], proof of Lemma 4.6, equation (34) yields the iden-
tity

w1 [ slafe—Quam =4 [ swovdm = [ cdu=X+1
S4 S4 S4

where
I= [ €™ —1)duga.
S4
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The claim then follows from (78) - (79) and the estimate
1] < Cllolleellélizr < Cllollmsliéllze < C (Fo + | fo = f®)II72)
< CEVIp)P +0()
implied by (35), Lemma 5.4, (84), and (86). q.e.d.

The proof of the next lemma is identical with the proof of its coun-
terpart Lemma 4.7 in [30] and may be omitted.

Lemma 5.7. With error o(1) — 0 as t — oo there holds
dpi Clqi

— =(2+ 0(1))&7%

=1,2,3,4
dt y 77377

and

L1 )P = @+ o)) (1 — p()P) L

dt dt’
Finally, € and |p(¢)| can be related in the following way.
Lemma 5.8. With error o(1) — 0 as t — oo there holds
L= [p(t)* = (8 4 o(1))e.
Proof. For t =ty with the above choice of coordinates we find

L—p=1-p"* = (1 +p°)(1-p°)

= (2+0(1)) ][54(1 — ®(to)) dpgs
12 dz
- (ﬁ + 0(1)> /R4(1 - ‘PE(Z))W
(12 . 2|ez|?dz
— <7‘r2 + (1)> /R4 (1 + |€Z’2)(1 + ’z’2)4

where o(1) — 0 as t — oc.
With the estimate

/ |lez|? dz </ dz <o
r\B, . (0) (1+[e2P) (L +[2)* 7~ Jras, .0 L+ [21)* —

the claim follows from

lim / |2 de

=0\ JB,,.0) (1 +[ez[?)(1 +[2[*)*
1
3

= lim / Widz — — 2
=0\ B, .0 (L+12)* ‘
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We summarize the results of Lemmas 5.5-5.8 in the following Propo-
T
sition. Below, we denote by (‘;—f) the component of % which is tan-

gential to S* at p/|p|.

Proposition 5.9.
i) Ast — oo there holds

T
(d_p> =15¢* (Vlog f(p) + o(1)) ,

dt
and
d
prite Ip|*) = 120e*(Aga log f(p) + O(1)|V f(p)]* + o(1)),
with

1= |p(t)]* = (8 + o(1))*.
ii) Ast — oo the metrics g(t) concentrate at critical points p of f
satisfying Aga f(p) < 0.

Proof.
i) Without loss of generality we can assume I%I = (0,0,0,0,1). Then
the first statement is a direct consequence of Lemmas 5.5-5.8.

ii) From Lemma 5.8 and i) we obtain

d
—(1 = [p)| <C—|p|*)>3.
(=Pl = €A~ [pf)
Hence we conclude that there holds
C
- () > —,

which by Lemma 5.8 implies that

C
(87) e > 71
for all ¢ > 1, with a uniform constant C; > 0. From i) we then deduce
the differential inequality
df (p(t dp _ Cy
(58) VO _ 1) P > (9 4) + (1)),
dt dt t
Since the integral of ¢! is divergent, the flow (p(t))¢>0 must accumulate
at a critical point p of f. The proof of convergence of the flow and the
characterization Agsf(p) < 0 of possible limit points p now again are
identical with the proof of Proposition 4.9 in [30]. q.e.d.

For future reference we also note the following result whose proof is
identical with that of Lemma 4.10 in [30].
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Lemma 5.10. Ast — oo we have

Ey(u(t)) — —3log f(p),

where p = limy_.oo p(t) is the unique limit of the shadow flow (p(t))
associated with (u(t)).

5.4. Existence results. We can now derive various existence results
for metrics of prescribed Q-curvature f.

Following [11], p. 237, for p € S* 0 < € < oo, in stereographic
coordinates with the point —p at infinity (so that p becomes the north
pole and we may continue to use our previous notation) we let ¢, . =
U, o7, so that ®,. — ®,9 = p weakly in H? as ¢ — 0. Note that
®pc=®"1 =& , 1forallpe S 0<e<oo. Letting

pe!
C> = {u € C°°(8%); g = e*gg satisfies (16)},
in view of (26) we then obtain a map
j: 8]0, 00[2 (p,€) — upe = —1/4logdet(d®, ) € C=.

Observe that ®,; = id and hence j(p,1) = 0 for all p € 5S4, Also let
Gpe = 2= ggs with ggu = @ _gpe so that
725,

8
(89) d”gp,e - 5

ase — 0.

Given a map ug € C2°, for t > 0 we let u = u(t,up) be the solution
of the flow (17), (19) at time ¢ for initial data u(0) = wup, and we let
®(t,up) be the family of normalized conformal diffeomorphisms such
that (23) holds for the pull-back metric

h = h’(t7 UO) = 621}934 = q)*g,

where we let g = g(t,ug) = e?“gga, ® = ®(t,up), and with suitable
v =v(t,up). Also let

(90) p=pltuo) = . (t.w) diss

denote the approximate center of mass of g(t,ug), so that, up to a
rotation, whenever p # 0 we have & = &, . for some unique number
0 < e =e(t,up) < 1. Note that the flow continuously depends on the
initial data ug in any smooth topology.
Rescale the flow u(t, ug) by letting s = s(t) solve
ds . 9
(91) prie min{1/2,e°(t,up)}, s(0) = 0.

Note that (87) implies s(t) — oo as t — co. For 0 < s < oo then we let
U(s,up) = u(t(s),up), P(s,up) = p(t(s),up). In view of Proposition 5.9
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for € < 1/2 the rescaled flow satisfies (in stereographic coordinates)

T
(92) (C;—];) = 15¢% (Vlog f(P) 4 o(1)),
and
(93) d%(l —|[P[?) = 15(1 = |P]*)(Ags log f(P) + O(1)|V f(P)[* + o(1))

with error o(1) — 0 ase — 0. In the following we again denote (rescaled)
time as ¢, thus freeing the use of the letter s for other purposes; more-
over, for # € R denote as

Lg={ue C; E¢(u) <5}
the sub-level sets of E.

Proof of Theorem 1.2. Suppose by contradiction that f cannot be re-
alized as the Q-curvature of a conformal metric g on S*. As we shall
presently explain, the flow (17), (19) then may be used to show that
for sufficiently large §y the set Lg, is contractible; moreover, the flow
defines a homotopy equivalence of the set Nog = Lg, with a set Ny
whose homotopy type is that of a point {pg} with cells of dimension
4 — ind(f,p) attached for every critical point p of f on S* such that
Agif(p) < 0. We then obtain the identity (see e.g. [10], Theorem 4.3)

4 4
(94) D timi =14 (1+1)) tk;
=0 =0

for the Morse polynomials of N, and Ng and a connection term with
coefficients k; > 0, where

as defined in (14). Equating the coefficients in the polynomials on the
left and right hand side, we obtain (15), which violates the hypothesis
in Theorem 1.2 and thus leads to the desired contradiction. By forming
the alternating sum of the terms in (15) - which corresponds to setting
t =—1in (94) - we likewise obtain the statement of Theorem 1.1.

To proceed with the details of the proof we label all critical points
P1s.--,pn of fsothat f(p;) < f(p;) for 1 <i < j < n and let §; =
—3log f(ps) = lims—o Ef(up,s), 1 < i < n. For notational convenience
only in the following we assume that all critical levels f(p;), 1 <i < n,
are distinct. We then can find a number vy > 0 so that 3; — vy > ;41
for all 7. Theorem 1.2 now is immediate from the following result. q.e.d.

Proposition 5.11.

i) For any o > 1 the set Lg, is contractible.
ii) For any0 < v < vy and each i the set Lg,_,, is homotopy equivalent
to the set Lg, 1
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iii) For each critical point p; of f with Agaf(p;) > 0 the set Lg,+y, is
homotopy equivalent to the set Lg,_,,.

iv) For each critical point p; of f with Agaf(p;) <0 the set Lg, 1y, is
homotopy equivalent to the set Lg,_,, with a sphere of dimension

4 —ind(f,p;) attached.

Proof.

i) Fix By > B1 = —3log f(p1). For ug € Lg,, 0 < s < 1 then let
H(s,ug) = (1 — s)ug + c(s,up), where c(s,up) is a suitable constant so
that H(s,up) € C°. Clearly, the map H defines a contraction of Lg,
within C2°. Moreover, by Lemma 5.10 for each such ug, 0 < s < 1 there
exists a minimal T' = T'(s,ug) > 0 such that E;(U(T, H(s,up))) < fo.
From Lemma 2.1 and our assumption on f we conclude that T" depends
continuously on ug and s. The map K: (s,ug) — U(T(s,uo), H(s,up))
then yields the desired contraction of Lg, within itself.

ii) Let 0 < v < 1y be given. We claim there exists T > 0 with

U(T,Lg,—,) C Lg,, ,+v- Suppose by contradiction that there exist T}, —
00, u € Lg,—, such that

Ef(U(Tk,uk)) > ﬁi+1 + v for all k.

By Lemma 2.1 there is a sequence tj, € [Ty/2,T}] such that [q, |Qr —
af]Qdugk — 0 as k — oo, where g, = eQU(tk:uk)dugSM k € N, and where
Qy, is the Q-curvature of gi. In view of Lemma 3.6, for sufficiently large
k the metrics g will be arbitrarily close to round metrics concentrated
at the points P(t,ur) € S* and Ef(U(tg, ux)) + 3log f(P(tg, ux)) — 0
as k — oo. Recalling (92) and (93), we may assume that the limit
P = limy_,o, P(tg, ur) exists and is a critical point of f. Lemma 3.6
then also yields convergence E¢(U(ty,ur)) — —3log f(P) as k — oo.
Since we assume that Ef(uy) < 8; — v, by Lemma 2.1 we have P = p;,
for some 79 > ¢ and hence

Ep(U(T,uk)) < Ef(U(te, ug)) < —3log f(P) +v < Biy1 +v

for large k. The contradiction shows that there exists T" > 0, as claimed.
For ug € Lg,—, then let

T (up) = inf{t > 0; Ef(U(t,U())) < Bit1 + V} <T.

As in i), the number T'(up) continuously depends on wg. The map
(t,up) — U(min{t, T'(up)}, uo) then yields the desired homotopy equiv-
alence.

The remaining assertions iii) and iv) will be derived with the help of
the following lemmas. q.e.d.

Lemma 5.12. There exists an absolute constant C such that

[0l < CE(v)
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for all v € H%(S*) inducing a normalized metric h, satisfying (23) and
(26), and provided ||v||p2 is sufficiently small.

Proof. From the spectral analysis of the operator Pg4, (23), and (72),
as in the proof of Theorem 4.1 we obtain

E(v) = / (vPgav + 12v)dpga
S4

= [ (oPssv+ 3t~ 1) ~ 200%)duss + O(olff)
S4

o0 o0
= (A 29" P+ O(|[vllz=) = Y (Ai = 24)[v"* + o(|[v][72)
i=0 =6
2 T ;(Ai + D + ol foll72).
proving the claim. q.e.d.

For ro > 0 and any critical point p; € S* of f let

(95)  Byy(pi) = {u € C®; g = e®ggs induces a normalized metric

h = ®*g = e*’ggs with ® = &, ; for some p € S*,

0 < s < 1such that |[v|[}2 + |p — pi|* + 5% < r%}.
In the following estimates it will be convenient to use s, p, and v as
coordinates for u € By, (p;), where g = €?%ggs and h = ¢ 9= eV gga
as above. Moreover, since all critical points of f by assumption are

non-degenerate, we may use the Morse lemma to introduce coordinates
p=p" +p~ on 1,5 near p; = 0 so that

(96) Fp) = fpi) + 10" = ™%,
and we may refer to these coordinates in the definition of B, (p;) above.

Lemma 5.13. Forrg > 0 let u € By, (p;) be represented by s, p, and
v as above.

i) We have

O o B dun = f0) + 2511 p) + o5l

where o(1) — 0 as 7o — 0.
ii) In addition, we may bound

OFE¢(u) N 6sAgaf(p)

<O+ C(s+ [p—piDllv| g2

0 |
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iii) Likewise, for any q € TpS4 there holds
OE(u) 3df(p)-q

St ASalAN T YA
Ip f(p)
iv) Finally, denoting as (-,-) the duality pairing of H? with its dual,

with a uniform constant cg > 0 we have

OF ¢ (u
(100 (ZH0) > alolis = o)slole

where o(1) — 0 as rg — 0.

(99)

< COs(s + [[vll g2)lal-

Proof. To simplify the notation, let

A=Au) = ][ fo®, s dup.
S4

A= 10) = f (7o = 1) dpss + 1.
where
I= ][ (fodpe — F(P)(E™ — 1) dugs.
S4

Observing that |df (p)] < o(1) — 0 as 79 — 0, by (84) the error term
may be bounded as

I < If o @ps — F0)lI2lle™ = 1|2 < o(L)s][v] 2,

where o(1) — 0 as 79 — 0. To proceed, we may assume that p is the
north pole. Upon introducing stereographic coordinates and expanding
f as in equation (83) in the proof of Lemma 5.5 then we obtain

8 16dz
FUsIo)= [ ) 10

+ O(s*) + o(1)s]|v]| g2
= / (sdf(p)z + s*Vdf (p)(z, Z))
B15(0)

+ 0(33) + o(1)s]|v]| g2
=11+ O(s*) + o(1)s|[v]| 2.

By symmetry, the contribution from the linear term in the integral
vanishes, yielding

_32dz
(14271

32 dz
II = vd J2)
[ V) g

:832As4f(p)/ lePdz §7r(‘)s{‘)As4f(p)-

m (L)t 3

Dividing again by the volume of S, we obtain the claim.
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ii) Observe that by (27) we have
(101)

Ep(u) = E(u) — 3log <][S4fdu> — B(v) - 3log <][S4fOCI>p’sd,u,h> ,

OEf(u) 10 ][
55 = 34T g (] S o trs dun )

For convenience, we again may identify p with the north pole of S*. In
stereographic coordinates then for the unnormalized integral we have

2 [ o= [ (o) 2
- [ (o) ot

0 16(e* — 1)dz
+/]R4 <%(f<q/s(z)))> (1 + ’2‘2)4
=I+11I.

Expanding f as in equation (83), we obtain

0
55
By oddness then we find

F(Us(2))) = 2df (p)z + 4sVdf (p) (2, 2) + O(s”|[).

32 dz EIRE 9
T+ epyt 10585/ ) /R T+ O

2d
= 16sAga f(p) /R4 ﬁT%‘l O(s*) = szsAsz;f(p) + O(s?).

3

I= [ df(p)z
R4

On the other hand, the expansion to first order

0
0s
yields the uniform estimate

S| < Clo = o] + 017

(f(Us(2))) = 2df (p)= + O(s]z*) = 2(df (p) — df (ps))= + O(s]=[)

Thus we obtain the bound

(1+ |2]?) dz

(1 n |Z‘2)4 < C(S + |p 7pl|)”v||H27

1< Cs+lp-p [ e -1
R

and the claim follows from 1i).
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iii) For any ¢ € TpS4 we may write
O(f o Pp,s)

OFE¢(u) B
A o 'Q+3df(p)'Q—3][S4 (df(p)—T) - q dp,

=3]£4 <df(p) - %) g duga

+3]é4 <df(p) - 3(f;4§>p,5)> cq(e? — 1) dugs = I+ 11.

Proceeding similarly to the proof of i) one finds

11| < Cs|q]

and, on the other hand,
(11| < Cs|[v]| g2lql-

iv) In the above notation we have

aEf(u)w _ aE_(U),U _12A1][ fo,ve* dpuga
ov ov g4 "

OE(v v
:< 81(1 ),v> —12/;41}64 dpgs — 1,
where

I= 12A_1][ (fo, — f(p))ve*dugs + 12(A71 f(p) — 1)][ ve*’dpuga
S4 S4
=II+1II

As in the proof of Lemma 5.12, with error o(1) — 0 as rp — 0 we can
estimate

OE(v) 4
—12 v
< v ’U> ][54% s

= ][ (20Pgav + 4Q gav) dpugs — 12][ ve'Vdpiga
S4 S4

= ][ 20Pgav djigs — 12][ v(e? = 1)dpga
S4 G4

- 2][54(”1354” — 240%) dpgas — o(1)[|v[[32 > collvl|F2 — o102

for some constant ¢g > 0. Moreover, similar to the proof of i) we can
bound

(LI < If o @ps — F(D)l2llo(e™ = Dlzz < o(1)s]vl| 2,

while from ¢) we find
(11| < ClA = f(p)] /34 [v]e®” dpigs < O(s* + sllvllg2) 0] 2.

Combining these estimates, we obtain the claim. q.e.d.
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Proof of Proposition 5.11 (completed). By Lemma 5.13, in the following
we will always assume that g > 0 and v > 0 are chosen so small that
Bry(pi) C (Lg 4w \ Lp,—1p) and v < 1§ < 19. As shown in the proof of
ii), for any 4 and sufficiently large 7" > 0 we have U(T', Lg,v,) C Lg,+v;
moreover, choosing a larger number T', if necessary, for any ug € Lg, 1.,
we either have U(T,ug) € Lg,—,, or U(t,up) € By, 4(p;) for some t €
[0,T7].
Recall that by (101) for u = (s,p,v) € By, (pi) we have

(102)
Ef(u) = E(u) — 3log <][ fdu) =FE(v) —3log A= E(v) + ; — 31
54
with A =-fo, f o ®p 5 duy, as in the proof of Lemma 5.13 and with

A—f(m)) _A—[f(pi)
f(pi) f(pi)

I =log <1 + +O(A— Fp)P).

Splitting
A—f(pi) = (A= f(p) + (f(p) — f(pi)),
from (96) and Lemma 5.13 i) with error o(1) — 0 as 79 — 0 we obtain
A= f(pi) = " Dga f(p) + [p" [ = [p7 2 + o(1)s[|v] 2.
Hence we find the expansion
(103) I-f(pi) = s*Aga f(p)+|p* 1> = |p™[*+0(1) (s> + [p—pi > +[[v] Fr2)-
With constants ¢; > 0, C' from Lemma 5.13 we conclude
Ef(u) > i + crl[v]|f2 — C(s* + |p — pil*).
It follows that for u € Lg 1, N By, (pi) there holds
(104) [v]|32 < C(s* + p —pil* + 1),
On the other hand, Lemmas 2.1 and 5.5 yield the bound

e IVf(0)]* + s*|Ags f(p)|?
f(p)?

with uniform constants ca,c3 > 0 for all ug € By (p;). Hence for up €
By \ By, /a(pi) we have

< —c3(s*+|p—pil?)

o Br (Ut w0)) <

d
(105) %‘t:OEf(U(t’ UO)) < —C4T%,

with a uniform constant ¢4 > 0. Since for any fixed ro > 0 the length of
time needed for the flow U(t,) to traverse the annular region Lg, 4, N
B,y 2 \ Brya(pi) is uniformly positive, for sufficiently large 7 > 0 and
sufficiently small v > 0 therefore we have

(106) U(Ta Lﬁﬁ-llo) - Lﬁi—l/ U (Bro/Q(pi) N Lﬁi-l—l/)'
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Finally, let
T(up) = min{T,inf{t > 0; E¢(U(t,u0)) < B; — v}},

depending continuously on ug. The map (¢, ug) — U(min{¢, T'(uo)}, uo)
then defines a homotopy equivalence of Lg, y,, with a subset of Lg,_, U
(Bro/2(pi) N Lﬂ¢+u)~

Depending on the sign of Agsf(p;) we now proceed as follows.

iii) Suppose Agsf(pi;) > 0. Given 19 > 0, for u = (s,p,v) € By, (i)
with

lul* = [[vl}2 + [p = pil* + 5> <o, p—pi = p* +p7,
let the vector field X (u) be defined as
X(u) = (1,0,0).

Then let G(u,r) solve the flow equation

d
d—G(u,r) = X(G(u,r)), 0 <71 <rp,

r
with initial value G(u,0) = wu. Note that X is transversal to the
boundary of By, (p;) and G(u,r9) ¢ By, (pi); hence there is a first time
0 <r =r(u) <rgsuch that G(u,r) ¢ By,(p;), and the map u — r(u)
is continuous. Defining H(u,r) = G(u, min{r,r(u)}), we then obtain a
homotopy H: By, (pi) x [0,70] — By, (p;i) such that

H(B’I‘o (pl)a 7’0) C aBT‘o (pz)7 H(7 r)\aBro(pi) =ud, 0 <r <ro.

Moreover, by Lemma 5.13, letting w, = H(u,r), for 0 < r < r(u) we
have
d
%Ef(ur)
~ dBj(u) - X(u,)

_ dEf(uT)

ds
< —6sAg1f(p)/ f(p) + olro).

It follows that with a uniform constant ¢; > 0 there holds
E¢(H(u,m9)) < Ef(u) — crg for all u € B,y /2(pi) N Lg, 10,

and the right hand side will be smaller than §; —v if rg > 0 is sufficiently
small. Composing H with the flow (t,up) — U(min{t,T(uo)},uo),
we then obtain a homotopy K: Lgy,, % [0,1] — Lg, 4y, such that
K (Lg,4vy,1) C Lg,—y,. Moreover, by our choice of g > 0, for 0 <r <1
the map K (-, ) will be the identity map on Lg, _,,. For each ug € Lg,_,,
finally, let To(up) = inf{t > 0; Ef(U(t,u0)) < Bi — vo}. As in Step i)
the numbers Tp(ug) are uniformly bounded and depend continuously on
up. Upon composing K with the flow (¢,ug) — U(min{¢t, To(uo)}, uo)
we then obtain the desired homotopy equivalence of Lg, ., with Lg,_,,.
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iv) From (102) and (103), with the constant ¢y > 0 from Lemma
5.12 we conclude

(107)
Ejf(u) = Bi > collvl|F2 — 35 f (pi) " Aga f (p)
+3f(pi) " H(lp~ P = Ip"1?) + o()(s* + |p — pil* + [[0]|F2),

where o(1) — 0 as 7o — 0. Assuming that Agsf(p;) < 0, we deduce
that there exists a number 6 > 0 such that there holds

(108) S e [ R

for any u = (s,p,v) € Byy(pi) N Lg,+, with [pT] < 2679, provided ro > 0
and v < 1§ are sufficiently small.

(Ipt]=dro)+
oro

ay = max{a,0} for a € R, and fix some number 0 < sy < r3. (For
conceptual simplicity it would be best to choose sy = 0, which, unfor-
tunately, is not permitted.) For 0 < r < 1, u € B, (p;) then define
Hy(u,r) = u, by letting

Let n be the cut-off function given by n = (1 — )+, where

tr = (89, pr, 0r) = (rnso + (L —rn)s,p™ + (L—rn)p™, (1 —rn)v)
to obtain a homotopy Ho: By, (pi) N Lg,+v % [0,1] — Br,(p;) such that
Hy(-,1) maps the set {u € By, (pi) N Lg,1v; [pT| < dro} to the set Bg;o,

where for 0 < p < rg we denote as
B;‘ = {u € By (pi); s =350,p" =0,|p"| < p,v =0}
Note that the set B;AO is diffeomorphic to the unit ball of dimension
4 —ind(f, p;). Moreover, letting
d dEf(ur) dEf(ur) _ dEf(ur)
—E — i S —s)— — =:nD
5 s (ur) 77( 7 (50— ) R (o0 | =D,
with the help of Lemma 5.13 for 0 < r < 1 we compute
D < Csps + 65> Aga f(p)/ () = 3[p™[*/ f () = collv]| 2
+o(1)(s* + [[vllZ + 1P + s0)-

By the choice of sg, for sufficiently small g > 0 the term D is negative
whenever %+ ||v[|3,2 + |[p~ |2 > rg, and Ef(uy) < i+ Crg < Bi+v, else.
It follows that Ho(-,r) maps the set By, (p;) N Lg,+, into itself for all 7.
Finally, by (108) we have

HU('7T>|8BTO(pi)ﬂLﬁi+U = ld) 0 S r S 1.
Now let the vector field X;(u) be defined as
Xl(u) = (07p+70)

and let G1(u,r) solve the flow equation

diGl(u,r) = X1(G1(u,r)), 0<r < 51,
”
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with initial value G;(u,0) = u. Again we note that X is transversal to
the boundary of B,,(p;) within Lg,,; moreover, for any u € By (p;) N
Lg,+, with [p™| > &rg there holds Gy (u, 6 1) ¢ By, (pi); hence there is a
first time 0 < r = 71 (u) < 6! such that G4 (u,r) ¢ By, (p;), and the map
u +— 71(u) is continuous. We extend this map continuously to the whole
set By, (pi) N Lg, 4, by letting ry(u) = 6~ whenever G (u,r) € By, (pi)
for all » € [0,07Y]. Defining Hy(u,r) = G1(u,min{r,r1(u)}) = u,, by
Lemma 5.13 with a uniform constant ¢5 > 0 for sufficiently small rqg > 0
we have

d dE+(u,
—Ejf(uy) = %)W < =3|p*|?/ f(pi) + Crg < —csr,

if |p*| > dro. Hence, letting H be the composition of Hy with Hy, for

sufficiently small 79 > 0 we obtain a homotopy H: By, (p;) N L+, X

[0,1] — By, (pi) N Lg,+, such that
H(Byy(pi) N Lg,4v,1) C Bt U (0B (pi) N Lg,40)
and
H ()08, )L, = id, 0 <7 < 1.

Composing with U(T,-), where T' = T'(u) is defined in ii), and recalling
(105), (106) together with the fact that the length of time needed for
the flow U(t, ) to traverse the annular region Lg, 1, N By, \ By, 2(pi) 18
uniformly positive, for sufficiently small v > 0 we have U(T, 0B, (pi;) N
Lg,+,) C Lg,—,. The proof can now be finished as in iii). q.e.d.
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